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Stressed  State  of  Cylindrical  Shalls,Reinforcod  with  Ribs 


by 

D.  V.  Vaynberg,  V.  0.  Zarnts’kiy  and  B„  Icenberg 


of  investi^ting  the  stressed  state  of  a  circular  cyliiidrical  shell, reinforced  with, 
a  regular  screen  of  annular  and  rectilinear  ribs*  The  effect  of  constant  intensity 
pressure  apd  longitudinal  meridional  forces  on  the  sbeel  has  been  investigated. 


Selection  of  the  calculation  method  depends  upon  the  carrelation  of  basic  para¬ 
meters  of  the  system:  closeness  of  placing  ribs  and  relative  rigidity  of  shell  wells 
and  ribs. 

A  sufficiently  large  number  of  ribs  allows  to  average  the  elastic  qualities  of 
the  system  and  consider  same  from  the  position  of  theory  of  thin  structurally-crtho- 
tropic  shells  of  revolution.  Concentration  of  forces  in  the  zone  of  rib  arrangeinent^ 
in  analogy  xvith  the  probleam  of  ribbed  plate  jl*  2j  can  be  determined  in  approocimation 
on  the  basis  of  perturbation  theory. 

At  an  average  number  of  ribs  is  reccwcended  a  different  approach  to  solving  the 
problem^  >=.5.  “d  on  the  utilizaticai  of  defovii'ation  characteristics  of  syinraetrical  sys- 
texcia.  Tho  sUessed  state,  of  a  r'hbed  shell  (fig.l,a)  can  be  obtained  by  applying 


1 


two  caluulatioa  syateios* 

In  the  first  one  will  be  (iiscussod  a  rectangular  penel  of  the  eKell  with  rigidly 
fastened  annular  and  rectilinear  edges  under  the  effect  of  a  given  load  (figltb)« 

In  the  other  one  is  discussed  a  given  closed  shell  under  the  effect  of  radial 
forces, applied  to  the  ribsj  these  forces  in.ioagiif  tude  equal  to  reactions  V,  found 
in  first  calculation,but  have  an  opposite  sign  in  comparison  with  same  (fig.l,c)« 
Calculation  of  shell  in  the  other  case  can  be  realized  by  approximation  methods* 

Since  the  rigidity  of  the  ribs  is  highta  comparison  was  made  with  the  rigid  walla 
of  the  shell,  it  is  advisable  to  change  over  to  the  calculated  model  in  form  of  a 
spatial  cyclic  symmetrical  frame,  formed  by  rings  and  meridional  ribs*  Here  can  be 
applied  the  theory  of  cyclically  symmetrical  frames  the  presence  of  low  rigidity 

ribs  calculation  of  the  system  in  second  caae  can  be  made  with  the  aid  of  equations 
of  elastic  deformation  of  structurally-crthotropic  shells# 


Special  consideration  should  be  g5.%’^en  to  the  case  of  a  low  number  of  relatively 
rigid  ribs,  when  it  has  been  decided  to  search  for  an  accurate  solution  of  the.- 
problem*  The  problem  here  is  reduced  to  studying  the  stressed  state  of  a  rectangulay 
^.-anal  of  a  cylindrical  shell*  The  other  method  is  based  on  the  utilization  of  integro- 
dif.f  ‘‘Qtial.  equaticr^JSj*  hich  Ae  from  the  thebrem  of  report  mutuality  [4 #5^ 
the  report  by  r^O*Kil*  ohevskiy  |^8j# 

e<j.».'i5;loar3  of  the  problem  and  their  solutions*  We  will  write 


a  systeofi  of  lo’toa  of  technical  theory  of  shallsj?*^ 
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where  U]_,  U2»Uq  -  coirponents  of  displacement  vector  of  the  center  siarface  of  the  shell 

a  /(  22  \ 

(fiS.2)|  =  R,  -  dixcensionless  c^acdinates,  R  -  radiu^f  center  surface  of 

the  shell;  h-thickness  of  shell;  -  tensile  strength  of  shell  and  Ibison 

coefficient;  -  components  of  surface  load  (accepted  as  ^  ^  O) 

We  shall  exainine  a  cylindrical  pane!}.,  the  rectilinear  edge  of  vhiclx  (in  confomity 
with  the  cyclic  ayTKmetry  of  the  shell)  are  connected  with  the  elastically  settled  ribs^ 
which  do  not  rotate,  and  curvilinear  •  hinged.  The  load  consists  of  nomal  pressure 
p  and  axial  meridional  forces  appalied  to  the  faces* 

In  this  case 

Xj  -  -  //i  1 0  {ay  -  5  (1  -  a r,  (a,  0)  [5  (P)  +  -  Ml 

(2.2)  • 

:  ^3-p-r,(a.0)[5(p)-fd(3  — 3i)l,  , 

'  221.  '  ■  '  -  ■  ■  ‘  ■  /s  ' 

where /j|  a  Ic,  0!^=^  R;  l**leiigth  of  shell;  k*>nuraber  of  ribs*  (^#0)  =  -  ) 

and  (^^0)  »  •  general  (in  ICirchhoff -understanding)  cross  sectional 

and  tangent  forces^ 

The  law  of  signs  for  forces  and  monents  is  shown  in  fig*2*  The  magnitudes  J  (<^)| 

|)  are  Dirac* s  delta  functions  which. can  also  be  presented  in 
fom  of  incoiigrucus^  trigi^’icrcetric  series,  eigii 
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On  the  curvilinear  edges  of  the  pan^  take  place  boundary  condltiore; 

(0.  S)  =  u,  (ai,  p)  =  0,  .  u,  (0,  ?)  =  u,(^.  »)  =  0. 

O,(0.5)-G,(a„S)  =  0.  S,(0.!3) -S,(o(„?)  =  -,V,. 

on  rectilinear  contours  ^  illtiona  of  cyclic  ..yujaetry  for  displacc-^ji-nt-a  of  angles 

of  rokrtion  of  the  shell 
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and  conditicna  of  ccupling  -with  elastic  rl'bs. 

ZTj  ■i;^0)  =  - 27,(1.. ■!,)  =—p,{i).  273(1.0)  =  —  273 (a,  ?,):==— (2.6)' 

The  magnitudes  pj_  and  Pg  ('3:  )  are  designated  by  rit  displacement;;:^  whicb  are 
equal  to  the  dlsplaceioents  of  corresponding  contour-  points  of  the  shell 
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where  ?1.  V  area  and  incsiient  of  inertia  o  transverse  crosa  section  of  ribj  ^  Young 
znodalus  of  the  rib  raterial*  The  values  T2^(o(^,0)  and  ^  (^$0)  are  represented  by  trigo- 
ncjnetric  series  vith  unknown  coefficients  ^  . 
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Solution  of  the  system  of  equations  (2*l)  for  load  (2*2)  in  confoxaity  with  boundary 
conditions  (2»4)  (2*5)  are  sought  in  the  fomniXa 
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Utilizing  (2,3).  (2,6).  (2,7),  (2*8)  we  fird 
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where 


’  7or  .equation  2  ,.11.  see  page  4a 
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Here  gaiixne  *  *  D  «  beriding  rigidity  of  shellj 

,  =  a  2il‘K.  f. 

‘  a’  lo.  dj^o  n^Q.  •  .  ...  ■ 

In  accordance  with  the  boundary  conditions  (2i6)  and  (2^7)  we  obtain  a  systea  of 
equations  to  desi^iate  and 

.  f  p  .  .  ■  'i* 
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I  .../  K  " 


Here 
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in  case  =  0  we  assince  =  0*Then 

«  ■-.  '  A.  '  ~ 

We  will  write  expressions  of  shell  displaceiaent  coefficients" 
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A  rxuxDericil  ca?^cuXahion  of  shall  was  which  has  eight  longlfadinal  riba  (fc=^) 


at  such  data 
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Rs.-.alts  of  calculating  jlclers  are  given  In  table  for  such  clxaractei’istis  values 
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of  relatlT6  rigidity t  0  (caae  of  absence  of  longitudinal  ribs);^^*  10| 

^  so®  (case  of  ri^d  fastening  rectiline*^ir  edges  of  panels).  To  facilitate  calculations 
with  the  exception  of  expression  (2»l6)  and  we  will  show  in  closed  fora  a  quite  coa- 
gruent  part>  which  corresponds  to  deforrcation  of  the  plate.  Ihen  when  calculating 
displacements  it  is  possible  to  loeasure  ty  fi  /o^-six  meinbers  of  series  according  to  n 
and  seTen-aight  meinbers  of  series  according  to  nu 

Ihr  3#  Integro-differential  equations  and  solution  of  saioe.  The  stressed  state  of' 
a  ribbed  cylindrical  shell  can  also,  be  determined  as  result  of  solving  a  system  of 
integro-differential  equations^ 
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We  sliall  discuss  two  states  of  rectan^Lar  panel, separated  from  cylindri_cal  shell, 

ThB  basic  state  appears  to  be  a  system  which  consists  of  given  load  p^(l^r,M)  correspondr 
ing  to  it  displacements  of  center  surface  of  the  shell  u(j^)j  (N,M)»  forces  (NfM) 

i 

and  manents  (G(i)j  (N^l^O  on  the  limited  contouys*  1 

,  Here  )  -  point  of  applying  the  load  ;  K«-,Q)  )  "  point  in  wliich  displacements 

{ 

are  established#  « 

The  auxiliary  state  appears  to  be  a  system  which  consists  of  concentratesd  force ^  I 

having  a  single  projection  on  the  axis  of  the  coordinates  and  applied  to  P03_jit  j 

by  the  canter  surface  of  the  panel,  corresponding  displacements  v(j)i(M,N),  forcea  j 

•  •  I 

N(j)i  (M,10  a^^id  raaiients  H(j)i  (^,1:0.  on -the  limiting  contours#  I 

Having  applied  the  work  reciprocity*  principle  •  to  the  taken  basic  and  avtaciliary  j 

states  of  the  shell,  we  formlate  a  svstem  of  inta^rro-differential  equations  f 

,  j]p/(A^,Q)U(/)/(Ai,Q)d5Q+  •  .  -  | 

(S)  .  *  '  I 

+  J(5(,)-:(/V. /)u(,Jt(iW,/) +  G(„,( A', /)(})(/),  (iM.OJd/,-  '  i  I 

•  <'>  ,  .  •  !  ■  i 

r  ■  I  •  I 

—  (3.1)  ^  ,  i 

Here  S^center  of  shell ’surface  |  1-liraiting  contours;  Q-poiiit  of  the  center  sur—  •  \ 
face.}  t-point  on  ccntourj  i#  •1»2,3»  gamma  =  1»2, 

The  double  integral  is  taken  over  the  entire  .center  surface^  single  on^s  •  over  j 

the  entire  surface  of  the  panel# 

The  values  and  csce^  (i)>t^  -  angles  of  rotation  for  auxiliary  ana  basic 

states  respectively# 

We  will  introduce  into  (3#l)  general  tangents  and  intersecting  forces  TCi)5 
aid  (M,t)  on  the  contours  in  basic  and  '  auxiliary  states  respectively  ve  wiiLl 

obtain 

For  eq^uation  3.2  see  page 

The  ‘values  geiuu’ai  »  1  ourrespoiid  to  contours  0,  or  CCL$  and  gaiKma2  **  contcmra 

0  and  (  c'lgi>2)#  Pbcpr>r£idon  Aj[j  (^|U. )  cliaracterizes  the  function  of  xn.orinal 

centered  fi^xye^r;  in  angular  po^  »’  i  of  the  shell  on  correspoMing  displac^'mts# 

'"l 
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(3.2) 
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In  ca3«  t^e  panel  ia  affected  by  a  norwal  load  of  constant  intensity  equations  (3*2) 


can  be  wr,itten  in  sueb  farmx 

u,  (M)  =  p  Jj  U(„3(A1,Q)dS(3-t-  I  (Ti  (i)vuy„{.M,t)  i- 


<S)  . 


(0 


(3.3) 


+  Gt  (0  OM// -T  T  [Q(;)d  (M.  n  a,  (0  + //(;),  (M.  0<»T  (OJ  ^/// +  A- 

Oil) 

.  'We  shall  examine  a  section  of  cylindrical  ri'bbed  cyclic  symoetrical  shell,  Ihe 

rectilinear  edges  of  the  panel  are  supported  against  elastically  set  ribsjwhich  do 

not  turn;  curvilinear  edges  are  hinge  fastened, 

Iha  boundary  conditions  in  basic  stats  yill  be  c«i  curvilinear  edges 
u,  =  u,  =  Gi  =  r,  =  0,  •  .  JiKino  a  =  0  i  a  —  «i,  P-4) 

on  rectilinear  edges 

0,  =  Ti  =  0,  “  0  i  P  f=  Pi,-7' 


u,= 


43,5). 


'  ;T 

2Ta  -  ±  p,  (a).  HKiho  p  =»  0  i  P  -•  Pt- 


(3.6) 


The  value  I^(^;  )is  determined  frem  (2,7), 

We  select  an  auxiliary  state,wliich  satisfies  the  boundary  conditions 

”  V  ^ 

■  ft/)S  =  t»(;)3  “  Q(;)|  =//(/)!=  0,  flKiuo  a  =  0  i  a  ==aj,’J  (3jj 

,0»)S  =(P(»J  =Q(»I  =«  Q(/)3  =*0,  HKifto  p  =0  i- 9  =,p,.:l 

—  **  ■  /**  A, _ _ •  j  «' 

Utilizing  (3«4)  *  C3#8)  will  write  (3*3)  follows 


For  equation  3-»9  see  *  -e.  8a 

Ibe  difference  between  the  obtained  irLtegrodiifi.r ^ntial  equations  (3*9) 
equations  foiTOiilatsd  by 10^1^  in  connection  with  the  solution  of  concrete  probleias 
lies  in  the  fact»  that  for  the  auxiliart  state  we  have  chosen  the  very  same  cylindrical 
panel,  but  under  different  fastening  conditions,  while  in  the  mentioned  reports  as 
auxiliary  state  was  selected  a  plate  which  is  the  plan  of  the  shelli 

Analyzing  term  (3*9)  v;8  will  notice  that  the  problem  came  to  a  point  of  deternlxiing 
on  contours  Li  and 

In  conformity  with  the  differential  equations  (2.1)  and  boundary  conditions  (3*7) 

•  (3*8)  the  displacement  in  auxiliary  state  of  tho  panel  will  be  written 
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((,) 


’  ^  f  t'(j)3  {M,  Q)  dSo  +  ? 

■|S)  :  ! 

(3.9)  ■ 

, )  dh,  -f .  {  Tj  (4)  0(,)3  {M,  Q  dh, .  - 

(/*,)  '  -•<_  -  ■ 


I 


PTB-TT-62-1 623/1+2 


8a 


as  f3llCH8t: 


where 


OO  V  OO  __  ^  I  I 

I’d)!  -  Jj  2j  -•V-n.,  sin  cos  -7-^  cos  — -  cos  i,—,  ■  { 

“i  •  ?i  »i  i’l-  ,1  'I 


n  cjn  •  "^*5  ■  i 

ijmn  Sin - COS - sin - - sin  ^  x 


sinr- — sin-^— ,  t 

•  •  -‘i- 


r.  .  TTmi  irn3,  }  ?  ^ 


Cm,  - +  Y“n')=Dm., 


Bmn  =  —  -fW- 1(2  +  v)  +  y'/i*1  D„ 


= -  ^  o™.  ■  •  ;  • 

/)  —  •  _ _ 1 _ _ 

D  *  r.%  (1  4-  Son)  (/n®  4-  r*nT  4- 


.  t 

\.  ' 

f  (3  11) 


The  Talues  T^Ctj^)  and  T^Ctg)  are  determined  frcm  systems  (3»9)  •d\iring  the  inclusioa 

of  (3*6)  and  (2,7),  if  j  =  3,  -u,(Ai)  •=>  f  f  0(3)3(Ai.Q)dSg  +  f  raC/,)  0(3)3(Al.(i)<llj,+  , 

(8)  .  <'.>  .:." 
+  f  7’,((.)a(3,3(Al./.)A.  ..  (3-‘2)  '. 

•  A)  '•  •  ■  •  ^  ■!  ■ 


After  substituting  (3»10)  in  (3»12)  wa  will  obtain 


9P„i  ^  1  _  (_!)"•  .  itm« 

M,  (M)  =  =§—  S  .<*1 


c  /  “  K/Tja  n/l3 


J  dr*  .  «. 

0  . 

J 


(3.14)  • 


Having  differentiated  (3«13)  alpha  four  times,  and  multiplied  the  results 
by  sin  ’  -<?  ^rul  intagcati.'-g  byq  from  0  to  ^  we  'rfill  obtain  on  and  I2  respec- 
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tiTely 


;  1 

k  ' 

1  »i  J 

(  ~rri  ) 

'  .m 

f  i-(-ir  c  -1 

,  y 

f 

^  k  ' 

1  ^  1 

\  »i  , 

n  »0 


xyc„„|a„  +  (-irfcj. 


..4 

(3.16)"* 


hence 


’ 


j  1  —  (  —  l)^]CmO 


(3.17) 


K  ,  ,.  hEyT.'m* 

*  o-O 


Utilizing  (2.15)  static  relationships  of  the  theory  of  shells  are  kna/n^ 

•it  is  possible  to  determine  the  sought  for  forces^ 

As  it  was  to  be  anticipated^  formulas  for  calculations,  obtained  as  result  of 
solving  differential  equations  of  a  shell  and  found  from  integroMdiff ere ntial  equations, 
are  in  conformity*  'Iho  advantage  of  the  second  approach  in  solving  the  problem  lies,^ 
apparently,  in  the  fact,  that  it  facilitates  the  selection  of  form  of  ideas  of  sought 
for  displacements  and  unknown  forces  in  places  where  the  shell  and  ribs  are  jointed* 

We  like  to  point  cut^that  the  utilization  of  souble  trigoncmstric  series  eliminates 
the  necessity  of  determiniiig  arbitrary  integration  constants,  it  also  improves  the 
.  variation  of  rib  charactersitica* 
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